This paper discusses the course keeping control problem for a small autonomous boat using low cost sensors. Comparing with full scale ships, a small boat is more sensitive to the environmental disturbances because of its small size and low inertia. The sensors available in the boat are a low cost GPS and a rate gyro while the commonly used compass in ship control is absent. The combined effect from disturbance, poor accuracy and significant delay in GPS measurement makes it a challenging task to achieve good performance. In this paper, we propose a simple dynamic model for the boat's horizontal motion. The model is based on the Nomoto's model and can be seen as an extension to it. The model describes the dynamics between rudder deflection and the boat's velocity vector angle while Nomoto's model reveals that between rudder deflection and the boat's yaw angle. With the proposed model there is no need for a yaw sensor for control if the boat's moving direction can be measured. GPS is a convenient device for that job. Based on the derived model, we apply mixed H 2 /H ∞ control method to design the controller. It can guarantee the robust stability, and as the same time it can optimize the performance in the sense of H 2 norm. The experimental data show that the proposed approach is proved to be effective and useful.
Introduction
The advance in robotics has boosted the application of autonomous vehicles to perform tedious and risky tasks or to be cost-effective substitutes of their human counterparts. Autonomous boats have been used in some applications including marine data acquisition (1) , communication relay (1) , transportation, aquatic environmental monitoring (2) , and cooperative autonomy research (3) .
Modeling and control are crucial parts in realizing the autonomy. The dynamics of boat is complicated by the interaction between boat hull and the water. The boat motion is generally described by rigid body dynamics with the hydrodynamic effect in consideration (4) , (5) . The nonlinear model can be used directly for nonlinear controller design or be linearized under assumed nominal working condition such as surging with constant velocity for linear controller synthesis. However, the hydrodynamic coefficients are hard to measure or identify. Nomoto has proposed a transfer function model describing the dynamics between the rudder deflection and the yaw angle (6) . Nomoto's model has a simple structure. It is expressed as transfer function with single or double poles. Simple models are welcome in controller design. The Nomoto's model is applied in several boat control applications (7) .
The model's complexity not only affects the easiness of controller design but also puts constraint on sensor selection. The control strategies based on either the nonlinear model mentioned above or the simple Nomoto's model require the yaw angle measurement available (1) - (4), (5), (7), (8) . The yaw angle can be sensed by a gyrocompass or magnetic compass.
Gyrocompass is robust with magnetic flux but expensive. Magnetic compass is cheap; however it requires delicate handing to avoid being corrupted. The boat in this study as shown in Fig.1 faces such difficulty in making a magnetic compass work reliably since in the compact space the influence from magnetic flux induced by the DC motors is hard to be mitigated. It motivates the research to find a compass-free yet cost effective way to achieve the control goal with as good as enough performance.
The ship control is a widely studied area. Most existing research is based on large or full-scale ships. Small boats are less addressed. To our knowledge, the boat in this research is one of the smallest boats reported in literature. Comparing with large ships, small ones are more sensitive to the environmental disturbances such as wind and waves. It is a challenging task to control a small boat with satisfied performance.
In this research, we have realized the course keeping control for the small boat with low cost sensors by balancing the complexity in modeling and controller synthesis. We have developed a simple dynamic boat model. It is based on the Nomoto's model and could be seen as an extension to it. The model keeps its simplicity as Nomoto's model. In addition, it offers the advantage to control the boat without using a compass which is usually required. Instead we can use GPS to measure the boat's velocity angle for control. Simple model is attractive for control law design, but with the loss of accuracy. The model error is handled by applying the robust control theory. The mixed H 2 /H ∞ approach is applied to design controller with multiple performance objectives. The approach assures the robust stability in the sense of small gain theorem by making the corresponding H ∞ norm comply. And at the same time, it optimizes the performance objective in H 2 norm. The proposed approach has been verified through our experimental study. The standard deviation of cross track error in following a straight line course is 2.25m.
The paper is organized as follows: Section 2 describes our robotic boat platform including hardware integration and control configuration; Section 3 details the model development; Section 4 presents the controller design; Section 5 shows our experimental results and Section 6 gives our conclusion and discussion.
The boat setup
The boat used in the study is a radio-controlled one. A propeller is configured astern and a rudder sits just behind the propeller. The propeller is driven by two DC motors Fig.1 The boat under study coupled by timing belt. The rudder is actuated by a servo motor. The power source comes from two Ni-Mh batteries which can support the boat to run for about 60 minutes when they are fully charged. The radio control link is the IEEE 802.11b wireless LAN. The boat is also equipped with an ultrasonic sensor for depth measurement. The maximum speed of the boat is 1.2 m/s. The primary parameters of the boat are summarized in Table 1 . Figure 1 shows a picture of the boat. The boat in the study is among the smallest ones in recently developed autonomous boat (1) - (3) .
The sensors used in the system include a GPS and rate gyro. The GPS is a very low-cost model with price about $20 U.S. dollars. We take the yaw rate measurement from an AHRS (Attitude, Heading Reference System). The reason to use the AHRS is just for its availability at our lab. Other rate gyro could be used i.e. ADXRS150 from Analog Devices, Inc. Typical sensor specifications are listed in Table 2 .
The control architecture is a host-centered approach. That is all control decision is done at the host side. Sensor data come from the boat side, and the control command is generated by running the control algorithm at host, then the command is sent to the boat via the wireless LAN. The host is a Pentium III laptop running Windows XP with a 256 MB RAM. With this configuration, we can modify and test our control algorithm easily. We don't need to download program to the processor on boat side whenever there is any change, as is the case when the controller locates at the boat side. It is useful for fast prototype phase in the development. However, the moving area of the boat is limited by the wireless links.
Model development
Generally a boat has six DOFs (Degree Of Freedom), however, in our application, only three DOFs are relevant i.e. surge, sway and yaw. The model takes account the yaw motion and the translational motion in horizontal plane.
Coordinate systems and nomenclature
The coordinate systems used for the development are an inertial coordinate system approximated by earth-fixed reference frame and a body-fixed reference frame as shown in O-XY represents the inertial frame with X to the north and Y to the east. The body frame is expressed by o-xy with its origin defined at the center of gravity (CG) of the boat. The directions are parallel to those of the O-XY frame when the yaw angle is zero. The symbols are defined in Table 3 .
Yaw Model
In 1957 Nomoto proposed two transfer functions based models for steering simulation and control (6) , namely the second order Nomoto model and the first order Nomoto model.
We use his first order form as yaw model, which is shown in Eq. (1).
where 0 k and τ are constant.
The Nomoto's model is valid on the assumption that the boat moves at constant velocity, the propelling thrust is constant and the rudder angle is small. Given that the conditions are satisfied, the Nomoto model gives a reasonably accurate description of the course-keeping behavior (9) . This model does not include the actuator dynamics.In specific 
Translational model in horizontal plane
Models derived from rigid body (4) , (5) are widely used for controller design. A premise of using these models is the availability of yaw measurement. That is necessary for coordinate transformation between inertial frame and body frame. In our case, the small boat is driven by electric DC motors. The magnetic effect from the motors' operation corrupts the measurement of magnetic compass, which makes the yaw measurement difficult to use. Therefore, we develop a model without dependence on yaw for translational control. The model is an extension from the Nomoto's first order model with the velocity angle in consideration. It reveals the dynamics of velocity angle under small yaw perturbation from an initial state of constant velocity motion.
In deriving the model, we make similar assumptions as Nomoto model did that the boat is driven by constant thrust; the boat runs at constant speed; and the boat may experience small yaw perturbation. In perturbation free condition, the boat runs along straight line at constant speed. The forces acting on the boat reach balanced state that the thrust denoted by T equals to the total drag denoted by D. Also there is no side slip between the boat's heading and its moving direction. Mathematically the equilibrium state is given by Eq. When the boat's heading undergoes a small perturbation, the side slip angle is no longer zero. This results in unbalance between the thrust and drag due to the nonzero incident angle between the forces' directions as illustrated in Fig. 3 . The boat will be accelerated till another equilibrium state as shown in Eq. (3) is reached. We assume the velocity loss in the process is negligible. Then the magnitude of velocity can be treated as unchanged. Under the assumption of small yaw perturbation, the drag can also be treated as constant since it is approximately proportional to the square of boat's velocity during the process. The drag's direction is opposite to the direction of the velocity. We then can write the equation of motion of the boat under small yaw perturbation in Eqs. (5) and (6). The m terms in Eqs. (5) and (6) include the added mass effect. The added mass reflects the build-up of kinetic energy of the fluid as the hull moves through it which results the boat moves with equivalent additional mass in effect (10) .
The boat's velocity can be expressed in body frame as Eq. (7).
Substituting Eq. (7) 
Straight line course keeping model
In application, a boat usually moves along a straight line course in most cases. The boat is considered to be on the track if it moves in the direction of the line, and at the same time the perpendicular distance to the line is around zero. Let us consider the case that the boat is commanded to move from starting point A to the goal point B along a straight line as illustrated in Fig. 4 . Without loss of generality, we take the starting point A as origin of the reference frame.
Fig.4 Straight line course keeping
The cross track error d is calculated by Eq. (14) which shows how far the boat deviates from the specified course. The cross track error is positive when the boat is to the clockwise side of the reference course and is negative when it is on the other side. The configuration shown in Fig.4 illustrates a negative cross track error. 
Controller design

Overall consideration
We design the controller to follow straight line course which is believed to be the most used application mode. The controller design will be based on the mathematical model developed in last section. The model keeps a simple form under the condition of several assumptions. However, the discrepancy between the reality and the assumptions exists, which is one source causing model error. For example, we assume that the boat's speed does not vary in the course of yaw change which in fact does decrease. Another source of model error comes from the ignored dynamics such as the effect of waves. The model error can be mitigated by refinement, i.e. using nonlinear model. This option will increase model accuracy, but may lead to complexity in controller, which is not desirable. Instead of trying to improve the model, we apply robust control theory to design controller in the presence of model error.
H ∞ optimal control is one popular scheme in robust control theory. It is formulated under the small gain theorem and can guarantee robust stability with norm-bounded model uncertainty. While the small gain stability condition can be directly expressed by using H ∞ norm, yet there are cases where H ∞ norm cannot best interpret the performance specifications. Mixed H 2 /H ∞ approach is one method that addresses the performance objectives in both H 2 norm and H ∞ norm (11) .
In the course keeping control, the objective is to keep the boat's moving direction error γ and the cross track error d both be small. These can be seen as variations around the reference course when influenced by random disturbances. The variance should be kept small in order to follow the course. This performance requirement is naturally translated into H 2 control problem. The ignored disturbance and unmodeled dynamics are treated as input multiplicative model uncertainty on the fact that both wind and wave disturbance can be regarded as external inputs to the boat.
Plant model
The mathematical model developed in §3 describes the boat's steering and course keeping dynamics. However, in controller design the effect of sensors sometimes must be taken into consideration.
In the boat under study, a rate gyro is used to measure the yaw rate and a low cost GPS is used to measure the velocity angle and the cross track error. Since the update rate of the 2008 GPS is only as low as 1Hz, the delay effect is significant. It is observed that the total delay of GPS measurement is around 2-3 seconds including the additional delay from buffering and communication. We address the delay effect in controller design by explicitly introducing a pure delay d T into Eq. (13) to obtain Eq. (18) which describes the dynamics between the rudder servo command and the measured velocity angle d β .
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Since the cross track error d is also measured by the same GPS, it is also delayed by the same amount. We use d d to denote the measured cross track error and it satisfies Eq. (19). ( ) ( )
With the sensor delay in consideration, the plant model for control design can be represented by the block diagram shown in Fig.5 .
The plant model in this design has one control input: the rudder command and three measured outputs: the cross track error, the moving direction and the yaw rate. The input θ is the reference course angle which can not be manipulated for control. The controller will manipulate the rudder command to achieve course keeping target.
Design setup and weighting functions
The controller design setup is shown in Fig. 6 . The block P in the figure refers to the plant model shown in Fig.5 with the pure delay block replaced by its first order Padé approximation.
In the H 2 /H ∞ controller synthesis, the stability and performance requirements are reflected in proper weighting functions. In the setup, W 1 and W 2 are used as weights on performance while W 3 is used as weight on stability.
For course keeping, its performance can be evaluated by the direction deviation and cross track error. Due to the boat's nonholonomic motion, actions trying to minimize one performance index will likely worsen the other. When large emphasis is placed on direction keeping, the boat becomes difficult to turn. On the other hand, if too much emphasis is placed on the cross track error, the boat will be too aggressive to return back to the course and may oscillate to progress slowly in the direction of the reference course. Selection of The cross track error is evaluated by weighting function W 2 multiplied by an integrator which is explicitly added to remove steady state cross track error. The finally designed controller will include the integrator. In Fig.5 the final controller will be the K appended by the integrator. In this design, W 2 is chosen to be a constant. The controller can be found by LMI solver efficiently. We use the MATLAB LMI toolbox to complete the design.
Experimental results
The designed controllers are tested in the sea to evaluate their performance. Due to the range limit of wireless LAN communication, we could not perform long distance test. Instead we perform a go-and-return test to avoid reaching communication limit. The test scheme is illustrated in Fig.7 .
In the test the boat starts from A and go to goal point B along the AB line segment. 
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Vol. 2, No. 1, 2008 along line segments is controlled by line following controller i.e. AB and CA. Transition from B to C is controlled by another turning controller which is designed to control the boat's velocity angle only in the same approach as presented in §4 and will not be discussed here. In the course A B C A, the turning controller is used to make a 180° turn. When point B is reached, the turning controller is switched to take action. At point C, the 180º turn is finished and the course keeping controller takes control authority again with point A as the new goal point. It should be noticed that after the 180º turn the direction of CA does not match that of BA due to the offset between B and C during the turn. The effect of the initial direction error can be observed in experimental data.
The experimental results are shown in Figs.8,9 ,10. Figure 8 shows the boat's trajectory measured by GPS. Figure 9 shows the boat's actual moving direction and the reference course direction. Figure 10 shows the cross track error in the test.
In the test, the goal is 150 meters away in the direction of north-west. In Fig.8 the red line is the reference course in the going direction, and the black line shows the reference course for coming back. The initial off course trajectory as observed in Fig.8 was due to the 
Vol. 2, No. 1, 2008 fact that the boat's starting direction was approximately 45º different from the reference direction which triggered the turning controller to bring the boat to move in the direction of reference. The initial cross track error as big as 10m shown in Fig.10 is a software flag indicating the action of the turning controller which is not the real cross track error. Figure 9 shows the variations of the velocity angle around the reference direction. The boat was controlled to move near the reference course by changing the direction of its velocity vector.
From the cross track error plot in Fig.10 , we can see that it is well controlled to be within 4m around the reference course. The distribution of the cross track error is shown in Fig.11 which is a good indication on the course keeping performance. The obvious jumps in the cross track errors is because that the position resolution of GPS is about 1.8m. The distance less than the resolution cannot be distinguished by the GPS used in this study. 
Conclusion
In this study, we have designed and verified a course keeping controller for a small boat with low-cost GPS and gyroscope. The total sensor cost is less than $100USD (10,000 Japanese Yen). We have derived a simple mathematical model for the course keeping control. This model enables us to design controllers without using a compass which is beneficial especially in such small boat as the one in this study. The uncaptured dynamics and environmental disturbance are handled by applying robust control theory. We use mixed H 2 /H ∞ approach to optimize the course keeping performance evaluated in H 2 norm while maintaining the robust stability in the measure of H ∞ norm. The simple model combined with the robust control technique is proved to be an effective approach for course keeping control. The performance of the designed controller has been verified through sea tests. The overall standard deviation of course keeping error is 2.25m, which is achieve in the sea with wave height about 1m-1.5m.
